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Bipartite charge fluctuations (BCF) have been introduced to provide an experimental indication
of many-body entanglement. They have proved themselves to be a very efficient and useful tool
to characterize quantum phase transitions in a variety of quantum models conserving the total
number of particles (or magnetization for spin systems). In this Letter, we study the BCF in
generic one-dimensional Z2 (topological) models including the Kitaev superconducting wire model,
the Ising chain or various topological insulators such as the SSH model. The considered charge
(either the fermionic number or the relative density) is no longer conserved, leading to macroscopic
fluctuations of the number of particles. We demonstrate that at phase transitions characterized by
a linear dispersion, the BCF probe the change in a winding number that allows one to pinpoint
the transition and corresponds to the topological invariant for standard models. Additionally, we
prove that a sub-dominant logarithmic contribution is still present at the exact critical point. Its
quantized coefficient is universal and characterizes the critical model. Results are extended to the
Rashba topological nanowires and to the XYZ model.
Introduction: Topological phases and topological
quantum phase transitions (QPT) have become of
tremendous importance in Condensed Matter physics
during the last decade. These transitions, occurring at
zero temperature, translate into significant change in the
entanglement structure of the system and its ground
states. Standard tools for analysing this entanglement
are the von Neumann entanglement entropy (EE) and
spectrum[1–6]. These entanglement measures detect the
phase transitions and characterize some of the topological
properties of the system. A common effect is for exam-
ple the change in degeneracy of the entanglement spec-
trum, manifesting the appearance of topological zero-
energy edge states when cutting the system[1, 6]. In two-
dimensional systems, a topological constant (that does
not scale with the size of the considered subregion) also
appears in the entanglement entropy[3, 4]. Despite some
recent proposals and experimental efforts[7], these funda-
mentally theoretical quantities are challenging to exper-
imentally measure, requiring copy of a quantum system
and complex swap operations[8–10].
Alternative observables have been proposed to solve this
conundrum, and the one this Letter focuses on is bipar-
tite fluctuations, and more particularly bipartite charge
fluctuations (BCF)[11–16]. Let A be a subregion of the
total system S. We define the BCF as:
FQˆ(A) = 〈(
∑
j∈A
Qˆj)
2〉 − 〈
∑
j∈A
Qˆj〉
2 = 〈(
∑
j∈A
Qˆj)
2〉C , (1)
where 〈...〉 denotes the ground state average at zero tem-
perature and Qˆj is a local (unit-cell) charge operator
(such as the electron number or the spin polarization).
BCF have been introduced and studied in both one- and
two-dimensional U(1) models (i.e. where the total charge
is conserved), as a tool to detect and characterize quan-
tum phase transitions and gapless phases (modes)[13, 17].
In this context, they present strong similarities with EE,
such as an area law for gapped ordered phases and a
logarithmic growth for gapless (quasi-)ordered phases in
one dimension. As an example of the latter, the study of
BCF in Luttinger liquids gives a highly precise estimate
for the Luttinger parameter[18]. BCF have also been
used to characterize the superradiant transition in the
Dicke model[19]. We also note recent works on bipartite
fluctuations in spin chains, in relation with Many-Body
Localization[20]. Experimentally, microwave cavities of-
fer a flexible tool to probe charge polarization and BCF.
Recent works[21–23] thus discuss how topological super-
conductors could be characterized under microwave ra-
diation.
The aim of this Letter is to study the BCF in one-
dimensional Z2 topological superconductors and insula-
tors, where only the parity of the considered charge is
conserved. For this family of models, the quantum phase
transition is not described by a local order parameter, but
by an abrupt change in a topological number. Let us first
summarize our main results. Due to the non-conservation
of the total charge in the system, long-range entangle-
ment leads to a volume law for both gapped phases and
critical points:
FQˆ(A) = iQˆl + b log l + o(l), (2)
where l is the size of the subregion A. iQˆ gives the
fluctuations of the total charge in the system per unit
length, also studied as the Quantum Fisher Information
density[24]. It vanishes for U(1) systems with charge con-
servation. We explore Z2 transitions within a Bogoliubov
framework by varying a control parameter (typically the
2chemical potential) across a gapless point. At the phase
transition, iQˆ presents a cusp corresponding to an abrupt
change in the winding number of the Bogoliubov angle.
The coefficient b of the sub-leading log term in Eq. (2)
vanishes in gapped phases but not in gapless phases. Its
value is even universal, independent of the microscopic
parameters, when the gap closes at a single point in k-
space. Details of the proofs and the various computations
are presented in the Supplementary Materials[25].
Models: We consider in this work various realistic and in-
teracting models to be addressed below. Let us start for
simplicity with simple non-interacting models and con-
sider a general Bogoliubov form in momentum space:
H =
1
2
∑
k
Ψ†k(εkσ
z +∆kσ
x)Ψk, (3)
where εk and ∆k are continuous by part, and Ψk is the
Bogoliubov spinor. We are interested in models where εk
is even in momentum space while ∆k is odd [26].
Relevant topological superconducting models of this form
include the Kitaev chain[27]. εk is then the kinetic en-
ergy, ∆k a pairing term and Ψ
†
k takes the form (c
†
k, c−k).
As a guide for the forthcoming discussion, we shall study
an extended version of the Kitaev chain, where third-
nearest-neighbor hopping and pairing have been added,
leading to
εk = −µ− 2t cos(k)− 2t3 cos(3k),
∆k = 2∆sin(k) + 2∆3 sin(3k).
(4)
Here, µ is the chemical potential, t (t3) is the (third-
nearest neighbor) hopping and ∆ (∆3) the (third-nearest
neighbor) hopping and the lattice spacing has been fixed
to unity. Without loss of generality we choose t = ∆ and
t3 = ∆3. This model presents a richer phase diagram
with up to 3 Majorana fermions at each extremity [28],
behaving as if the system had up to 3 different bands
(the extension to M end states is straightforward). This
model enables us to study transitions between phases
with 0 and 1 Majorana end states, but also between 0
and 2 (0 and 3) where the gap closes at two (three) dif-
ferent momenta.
The local charge operator can be written as:
Qˆj =
qe
2
Ψ†jσ
zΨj , (5)
where qe is the charge by unit cell (here qe = 1).
Additionally, topological insulators can be described by
the same formalism. We present here two of such models.
The first one is a typical model of topological insulator
[29, 30]:
HI,1 = −µ
∑
j
c†jσ
zcj − t
∑
j
(c†j+1σ
zcj + h.c.)
+
∑
j
i∆(c†jσ
xcj+1 − h.c.), (6)
where cj are spin-
1
2 fermionic annihilation operators, t
and ∆ are orthogonal Rashba spin-orbit couplings and µ
is a Zeeman field. In momentum space,HI,1 takes exactly
the form given in Eq. 3, with Ψ†k = (c
†
k,↑, c
†
k,↓). The
considered charge (the spin polarization) is also given by
Eq. 5, but with two charges (qe = 2) per unit cell. The
second one is the Su-Schrieffer-Heeger model[31]:
HI,2 = −t1
∑
j
(c†j,Acj,B + h.c.)− t
∑
j
(c†j,Bcj+1,A + h.c.),
(7)
where cj,A/B describe two different species of fermions.
Identical formalism and results are recovered by tak-
ing (σz , σx) → (σx, σy) in Eq. 3 and 5, with Ψ†k =
(c†k,A, c
†
k,B) and qe = 2. t1/2 plays the role of Kitaev’s
chemical potential.
Finally, spin chains such as the Quantum Ising model
also follow this formalism after a Jordan-Wigner
transform[32]. The charge then corresponds to the trans-
verse polarization.
For all these models, the energy spectrum is given by
±
√
ε2k +∆
2
k, and consequently both εk and ∆k need to
vanish at a QPT. We introduce the Bogoliubov angle:
θk = Arg(εk − i∆k). (8)
The winding number of θk,
m =
∮
dθk
2π
, (9)
where k is summed over the Brillouin zone (BZ), probes
the family of QPT studied in this part. For the previous
fermionic models, it actually corresponds to the topolog-
ical index[33, 34], and the number of edge states with
open boundary conditions (Majorana fermions for super-
conductors, complex fermions for insulators). It has been
experimentally measured in photonic and Cold Atoms
setups[35–38]. Interestingly, the angle θk is ill-defined
right at the QPT when both εk and ∆k vanish and a dis-
continuity occurs in θk on the condition that εk vanishes
faster than ∆k (as shown in the inset of Fig. 1). This
discontinuous behaviour is in fact related to the abrupt
change in the winding number m across the transition.
As demonstrated below, it is also responsible for singu-
larities in the BCF.
Generalities: from Wick theorem, the BCF for a linear
subregion A of size l can be computed in the thermody-
namic limit:
FQˆ(A) = qel
∫∫
BZ2
dkdq
16π2
f(k − q, l)
(1− cos(θk) cos(θq) + sin(θk) sin(θq)) , (10)
where the integration carries on the Brillouin Zone (BZ)
3and f(k, l) is the Feje´r Kernel:
f(k, l) =
sin2(kl2 )
l sin2(k2 )
=
l∑
j=−l
(1−
|j|
l
)ei(jk) (11)
f(k, l)→ 2πδ(k), when l → +∞. (12)
The BCF can be re-written in the convenient form:
FQˆ(A) = qe(
l
4
+
1
4
l∑
j=−l
(l − |j|)
(|FT {sin(θk)}(j)|
2 − |FT {cos(θk)}(j)|
2)),
where FT {f(θk)} is the Fourier transform of f(θk). At
large j, continuity of θk in gapped phases translates into
|FT {f(θk)}(j)| = O(
1
j2 ), while the discontinuities at the
QPT give a different scaling |FT {f(θk)}(j)| = O(
1
j ).
Basic series analysis leads to the general form for the
BCF:
FQˆ(A) = iQˆl + b log(l) +O(1), (13)
where b is non-zero only at the QPT.
Linear contributions: from Eq. 10 and 12, iQˆ is the den-
sity of charge fluctuations in the total system.
iQˆ = limL→+∞
1
L
〈
Qˆ2
〉
C
= qe
∫
BZ
dk
4π
sin2(θk), (14)
where L is the total length of the system and Qˆ the to-
tal charge. Remarkably, these fluctuations coincide at
T = 0 with the Quantum Fisher Information density[24]
(QFID) associated to the chemical potential. The Quan-
tum Fisher Information has been used to characterize
several transitions[39–43] or study quenches in the quan-
tum Ising model[44], and gives a bound on the precision
with which one can evaluate the chemical potential. Ad-
ditionally, for superconducting models, the QFID allows
for a direct evaluation of the superconducting gap: for
Kitaev chain for example, iQˆ =
|∆|
2(|∆|+2|t|) in the topolog-
ical phase[45]. Other noise measurements (fluctuations)
have been suggested to measure ∆[46].
Figure 1 represents iQˆ as a function of the chemical
potential for both the Kitaev chain and its extended
version[28]. iQˆ is continuous but presents a cusp at tran-
sitions where the winding number of θk changes. For
systems in which the winding number is a topological
invariant, our analysis shows that iQˆ reveals the topolog-
ical nature and location of the transition.
Logarithmic contribution: The logarithmic term ap-
pears if there are discontinuities in θk at points in k-space
where the gap closes. For a closure at a single momentum
k0, b directly measures this discontinuity,
b = qe
(
cos(θk+
0
)− cos(θk−
0
)
)2
−
(
sin(θk+
0
)− sin(θk−
0
)
)2
2π2
.
(15)
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FIG. 1. (Main graph) Linear contribution to the BCF for the
extended Kitaev model as a function of the chemical potential.
mt3 is the winding number of θk, for t3 = 1.5t, t3 = 0 and t3 =
−0.75t. t3 = 0 corresponds to the Kitaev chain. On the other
two lines, the system undergoes two transitions with changes
in the winding numbers. The winding number here is also the
number of Majorana edge states at each extremity[28]. (Inset)
θk as a function of k in the Kitaev chain for µ = −3t (trivial
phase, dashed line), µ = −t (topological phase, dotted line)
and µ = −2t (QPT, continuous line). pi and −pi are identified
for both k and θk. It exhibits a discontinuity precisely at the
QPT.
The assumed even (odd) symmetry of εk (∆k) imposes
a gap single-closure at either k0 = 0 or k0 = π. Hence,
θk±
0
= ±π/2 and one obtains a universal coefficient for
the logarithmic fluctuations:
b = −
qe
2π2
(16)
in agreement with Conformal Field Theory. The nega-
tive sign reveals the existence of a Majorana mode, as
opposed to a U(1) Luttinger model[45]. The factor 2 dif-
ference (qe = 2 vs qe = 1) between the 1D (topological)
insulator models and the superconductor Kitaev chain
originates from the doubling in the number of degrees
of freedom. The corresponding critical theories involves
complex (Majorana) fermions for insulators (supercon-
ductors) with the respective central charges c = 1 and
1/2. The same factor 2 is also found by comparing the
degeneracies due to the edge states, 2 for the standard
(t3 = 0) Kitaev chain and 4 for the SSH model.
In some cases, the QPT is characterized by a gap clos-
ing at multiple momenta. A simple example is provided
with t = 0 and µ = −2t3 in Eq. (4). The gap closes at
k = 0 and k = ± 2pi3 leading to b = −
3
2pi2 . In the general
case, only a bound for b can be derived,
|b| ≤
qeN
2π2
, (17)
when the gap closes N times. This bound also applies
for free fermions with U(1) charge conservation where
4the gap closes twice at k = ±kF and the BCF are given
by 1pi2 log(l) +O(1).
The structure of the QPT and universality can be further
examined by looking at the structure factor of the BCF.
We define:
SFQˆ(A, φ) = 〈|
∑
j∈A
eiφjQˆj |
2〉 − |〈
∑
j∈A
eiφjQˆj〉|
2 (18)
= 〈|FTA{Qˆ}(φ)|2〉 − |〈FTA{Qˆ}(φ)〉|2, (19)
where FTA{Qˆ} is the Fourier transform of the charge in
the region A. The integral form is similar to the one in
Eq. 10, but where f(k−q, l) is replaced by f(k+φ−q, l).
The additional phase leads to oscillations that generally
destroy the logarithmic contributions so that b(φ) van-
ishes. Nevertheless, at some definite values of the phase
φ = ki−kj matching the difference between two momenta
ki, kj at which the gap closes, logarithmic contributions
to SFQˆ(A, φ) reemerge and b(φ) takes a finite value. For
instance, assuming that the gap closes twice at k = ±k1,
then we obtain the universal value b(2k1) = −
qe
2pi2 . Simi-
larly, discontinuities of ∂φiQˆ(φ) occur at the same values.
Finite-size corrections: in order to analyze data in sim-
ulations or real systems, one needs to take into account
finite-size effects. We have computed numerically (and
analytically for t = ∆) the BCF for a finite system for
the Kitaev chain. An additional finite size correction
compared to the BCF in charge-conserving system ap-
pear:
FQˆ(l) =
|∆|l
2|∆|+ 2|t|
−
1
2π2
log(
L
π
sin(
lπ
L
))−
l2
4L2
+O(1)
(20)
Extensions: The results so far have been derived for the
generic toy model described in Eq. 3, but can be ex-
tended to more realistic systems. We have analytically
computed the BCF in the Rashba nanowire model[47, 48]
for topological superconductors where the wire hosts
spin- 12 fermions with strong spin-orbit coupling. The su-
perconducting proximity effect implies that charge is not
conserved but the total parity is. The results of our calcu-
lations are displayed in Figure 2. They show that clear
cusps in the QFID of all spin combinations probe the
topological phase transition with high precision. These
features can also be related to the abrupt change in the
topological winding number characterizing the nanowire.
Similarily, a quantized logarithmic term also develops in
the bipartite spin fluctuations at the QPT with the same
constant b as Eq. (16).
We finally explore the effect of adding nearest-neighbour
interaction to the Kitaev chain model, corresponding to
a XYZ spin chain[49, 50], with the aim of generalizing
our discussion to interacting systems. Our MPS compu-
tations using the ALPS library[51, 52] demonstrate that
the BCF singularities at the QPT are not qualitatively
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FIG. 2. QFID for the Rashba model of topological supercon-
ductors across the topological QPT. Parameters are ∆ = t,
λ = 0.2t and Vz = −
√
2t. The transition is here driven by
the chemical potential µ and occurs at µ = −t. Discontinuity
of the derivative of the QFID can be seen for example in the
spin BCF. In inset, the band structure at the QPT where the
gap vanishes at k = 0. Each band is a mixture of the two spin
polarizations.
modified by interactions as long as these interactions pre-
serve the nature of the QPT. Hence, the linear term in
the BCF exhibits a cusp at the QPT, precisely pinpoint-
ing its exact location, and the sub-leading logarithmic
term emerges right at the gapless QPT with a coefficient
depending on the strength of interactions.
Details of the computation for the Rashba nanowires and
examples of the numerical results are exposed in the Sup-
plementary Materials[25].
Conclusions: we have shown that the bipartite fluc-
tuations of the charge or spin characterize phase transi-
tions in Z2 topological systems. The scaling analysis of
these fluctuations with the length of the sub-region re-
veals quantum phase transitions in two ways: the leading
linear behaviour exhibits a cusp and a subleading quan-
tized logarithmic term appears at the transition. For free
electrons, an exact relation has been drawn between the
full-counting statistics associated with the partial charge
QA and the entanglement and Renyi entropies; extend-
ing these relations for superconductors remains an open
question[14, 15, 53]. Extension of these results to higher
dimensional topological systems will be the subject of
a following paper[54]. In particular, in two-dimensional
systems such as the p + ip superconductors, we find a
divergence of the second derivative of the QFID and a
quantized logarithmic scaling at the topological phase
transition.
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7Supplementary Materials: Bipartite charge fluctuations in one-dimensional Z2 superconductors and
insulators.
In these Supplementary Materials, we provide for reference some details on the Bogoliubov formalism adopted to
describe the different non-interacting topological superconductors and insulators, including a detailed diagonalization
of the Rashba superconductors. Proof of the discontinuity of the derivative of the Quantum Fisher information at
a topological phase transition is sketched. Finally, we prove the appearance of secondary logarithmic contributions
and discontinuities in the structure factor of the bipartite charge fluctuations.
BOGOLIUBOV FORMALISM
In this section, we detail the Bogoliubov formalism
that allow to exactly diagonalize the Kitaev chain[S1]
and its extended version with periodic boundary condi-
tions. We also mention sketch the computation for a
typical model of topological insulator[S2] and the SSH
chain[S3].
Bogoliubov quasi-particles formalism for the
extended Kitaev model
Let us first introduce the real space Hamiltonian for a
Kitaev chain with additional third nearest-neighbor hop-
ping and pairing term[S4].
HK,3 = −t
∑
j
(c†jcj+1 + c
†
j+1cj +
t3
t
(c†jcj+3 + c
†
j+3cj))
+ ∆
∑
j
(c†jc
†
j+1 + cj+1cj +
∆3
∆
(c†jc
†
j+3 + cj+3cj))
− µ
∑
j
c†jcj , (S1)
where µ is the chemical potential, t (t3) the (third-) near-
est neighbor hopping and ∆ (∆3) a (third-) nearest neigh-
bor pairing term. cj is the fermionic annihilator operator
at site j. We consider periodic boundary conditions such
that the quadratic Hamiltonian can be easily diagonal-
ized in momentum space.
The Fourier transform convention we use is : ck =
e−i
pi
4√
L
L∑
j=1
e−ikjcj , where L is the total size of the system.
We define Ψ†k = (c
†
k, c−k). Forgetting constant terms, we
can therefore write the Hamiltonian as :
HK,3 =
1
2
∑
k
Ψ†kh(k)Ψk, (S2)
with
h(k) =
(
εk ∆k
∆k −εk
)
,
where
εk = −µ− 2t cos(k)− 2t3 cos(3k),
∆k = 2∆sin(k) + 2∆3 sin(3k),
We define the angle θk by θk = Arg(ǫk − i∆k), such
that:
h(k) =
√
ε2k +∆
2
k
(
cos θk − sin θk
− sin θk − cos θk
)
,
We introduce the Bogoliubov quasi-particle operators
ηk = cos(θk/2)ck − sin(θk/2)c
†
−k that diagonalize the
Hamiltonian and Ek =
√
ε2k +∆
2
k.
HK,3 =
∑
k
Ekη
†
kηk.
The ground state is simply the vacuum state for the η op-
erators |0〉η. A phase transition occurs when Ek vanishes.
To simplify the discussion, we fix t = ∆ and t3 = ∆3
in the rest of the Section. Figure S1 presents the ex-
act phase diagram for the extended Kitaev model. In
a system with open boundary condition, the model can
present up to m = 3 edge states. The winding of θk
defined by ∮
dθk
2π
(S3)
is a good topological invariant. It actually counts (up to
a sign) the number of Majorana edge states and charac-
terize the different phases and phase transitions.[S5, S6]
The charge we are interested in is defined by:
Qˆj =
1
2
Ψ†jσ
zΨj , (S4)
where Ψj the real-space version of the spinor Ψk. It
corresponds to the fermion number (up to a constant).
Typical topological insulator
We also study a typical example of topological insula-
tor[S2] described by the Hamiltonian:
HI,1 = −µc
†
jσ
zcj−t(c
†
j+1σ
zcj+h.c.)+i∆(c
†
jσ
xcj+1−h.c.),
(S5)
where c are spin- 12 fermionic annihilation operators, t and
∆ are orthogonal Rashba spin-orbit couplings and µ is a
Zeeman field. If we define the spinor Ψ†k = (c
†
k,↑, c
†
k,↓),
the Hamiltonian in momentum space is given by Eq. S2,
with t3 = ∆3 = 0. Edge states are now complex fermions.
The considered charge is the spin polarization:
Qˆj = Ψ
†
jσ
zΨj = c
†
j↑cj,↑ − c
†
j↓cj,↓ (S6)
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FIG. S1. Exact phase diagram for the extended Kitaev model
with third-nearest neighbor hopping and pairing, with t = ∆
and t3 = ∆3. m is the winding number of θk. It corresponds
to the number of Majorana edge modes that would appear if
the system had open boundaries. The diagram is symmetric
under particle-hole transformation (µ→ −µ).
Su-Schrieffer-Heeger model
The Su-Schrieffer-Heeger (SSH) model[S3] is a simple
model of dimerized fermions. It is a topological insulator
model. Its Hamiltonian can be written as:
HI,2 = −t1(c
†
j,Acj,B + h.c.)− t(c
†
j,Bcj+1,A + h.c.), (S7)
Let Ψ†k = (c
†
k,A, c
†
k,B). In momentum space, the Hamil-
tonian can be rewritten as:
HI,2 =
1
2
∑
k
Ψ†k(−2(t1 + t cos(k))σ
x − 2t sin(k)σy)Ψk
(S8)
Using similar conventions as for superconductors, we
define εk = −2(t1 + t cos(k)), ∆k = −2t sin(k) and
θk = Arg(εk− i∆k). The Bogoliubov operators diagonal-
izing HI,2 are η
SSH
k,± =
e∓i
θk
2√
2
ck,A ±
e±i
θk
2√
2
ck,B . A phase
transition between two distinct topological phases occurs
when t1 = t, where one recovers a chain of free fermions.
The winding number of θk is a good topological number
and still counts the number of edge states. These edge
states are also complex fermions. The charge is defined
by:
Qˆj = Ψ
†
jσ
xΨj = c
†
j,Acj,B + c
†
j,Bcj,A. (S9)
BIPARTITE CHARGE FLUCTUATIONS IN
SIMPLE MODELS
In this section, we present some details on the com-
putation of the fluctuation in the various non-interacting
models considered in the main text.
Details for superconductors and quantum XY chain
The bipartite charge fluctuations are given by:
FQˆ(A) = 〈(
∑
j∈A
Qˆj)
2〉 − 〈
∑
j∈A
Qˆj〉
2 = 〈(
∑
j∈A
Qˆj)
2〉C
(S10)
=
1
L2
l∑
j1,j2=1
∑
k,k′,q,q′
ei(k
′−k)j1ei(q
′−q)j2 〈c†kck′c
†
qcq′ 〉C
(S11)
Rewriting the original operators as a function of the ηk,
we can deduce the following average in the ground state:
〈
c†kcq
〉
= δq,k sin(θk/2)
2
〈
c†kc
†
q
〉
=
δq,−k
2
sin(θk).
Then using Wick theorem, one can compute the 4-
fermions correlators. With the relation:
|
l∑
j1,j2=1
ei(k−q)(j1−j2)|2 =
sin2( (k−q)l2 )
sin2(k−q2 )
, (S12)
it is straightforward to obtain:
FQˆ(A) = l
∫∫
BZ2
dkdq
16π2
f(k − q, l)
(1− cos(θk) cos(θq) + sin(θk) sin(θq)) , (S13)
where the integration carries on the whole Brillouin Zone
(BZ) and f(k, l) is the Feje´r Kernel:
f(k, l) =
sin2(kl2 )
l sin2(k2 )
=
l∑
j=−l
(1−
|j|
l
)ei(jk) (S14)
f(k, l)→ 2πδ(k), when l → +∞. (S15)
Computation for the insulators
Let us focus on the spin-orbit model. The BCF are
now given by:
FQˆ(A) =
l∑
j1,j2=1
〈(c†j1,↑cj1,↑ − c
†
j1,↓cj1,↓)(c
†
j2,↑cj2,↑ − c
†
j2,↓cj2,↓)〉C
(S16)
While 4 different correlators appear, anomalous correla-
tors such as 〈c†c†〉 vanish, leading to the general formula:
FQˆ(A) = qel
∫∫
BZ2
dkdq
16π2
f(k − q, l)
(1− cos(θk) cos(θq) + sin(θk) sin(θq)) , (S17)
9For the SSH model, the computation is very similar, and
while the two-fermions correlators differ, the final result
is identical.
We note the convenient form:
FQˆ(A) = qe(
l
4
+
1
4
l∑
j=−l
(l − |j|)
(|FT {sin(θk)}(j)|
2 − |FT {cos(θk)}(j)|
2)), (S18)
where FT {f(θk)} is the Fourier transform of f(θk).
Discontinuity of iQˆ
In this part, we prove the discontinuity of the deriva-
tive of iQˆ at a simple phase transition. We first assume
a QPT where the gap closes only at k = 0. We con-
sider transitions driven by an effective chemical potential
such that εk = δµ+ δεk, with the transition occuring for
δµ = 0, and δεk ∝ k
2 when k ≪ 1. As we consider linear
spectrum at the phase transition, ∆k ∝ k when k ≪ 1.
This transition leads to a change in the winding number
of θk, as θ0 = 0 for δµ > 0 and θ0 = π if δµ < 0 (assum-
ing that the θk is only slightly changed by δµ far from
k = 0).
From Fe´jer Kernel’s properties, one obtain:
iQˆ = qe
2pi∫
0
sin2(θk)
dk
4π
(S19)
We define DI(x) = ∂δµiQˆ|δµ=x. Let us compute the dif-
ference between the derivative on two sides of the tran-
sition. Let x > 0 and ∆DI(x) = 2piqe (DI(x) −DI(−x)):
∆DI(x) =
2pi∫
0
∆2k(
x+ δεk
((x + δεk)2 +∆2k)
2
−
−x+ δεk
((−x+ δεk)2 +∆2k)
2
)dk
= x(
2pi∫
0
Rk(x) +Ak(x)dk), (S20)
where
Rk(x) = −4
δε2k∆
2
k((−x+ δεk)
2 + (x+ δεk)
2 + 2∆2k)
((−x+ δεk)2 +∆2k)
2((x+ δεk)2 +∆2k)
2
Ak(x) = ∆
2
k
(
1
((x+ δεk)2 +∆2k)
2
+
1
((−x+ δεk)2 +∆2k)
2
)
Rk(x) is regular in k = 0 when x = 0 (lim
k→0
|Rk(0)| <∞)
and consequently |
2pi∫
0
Rk(x)| < ∞ when x → 0. Con-
versely, Ak(0) ∝
1
k2 when k ≪ 1. One can then show
that
2pi∫
0
Ak(x)dk diverges as
1
x . We finally obtain, as
Ak(x) > 0:
lim
x→0
∆DI(x) = lim
x→0
x
2pi∫
0
Ak(x)dk > 0 (S21)
The derivative is indeed discontinuous at a phase transi-
tion where the winding number of θk changes.
The proof becomes more involved when δεk is also linear
in k. In that case, both Ak(x) and Rk(x) contributes
to the discontinuity, but with opposite signs. At some
special, fine-tuned points, the discontinuity may conse-
quently vanish.
The proof is straightforwardly extended for several clos-
ings of the gap at non-zero momenta.
STRUCTURE FACTOR OF THE BIPARTITE
CHARGE FLUCTUATIONS
In this section, we demonstrate the properties of the
structure factor of the BCF. Let us define the structure
factor by:
SF (A, φ) = 〈
l∑
j1,j2=1
Qj1Qj2e
iφ(j1−j2)〉 (S22)
It is easy to express the structure factor (SF) in a form
similar to Eq. S17:
SFQˆ(A, φ) = qel
∫∫
BZ2
dkdq
16π2
f(k − q, l)
(1− cos(θk) cos(θq+φ) + sin(θk) sin(θq+φ)) , (S23)
The scaling laws of the SF are the same as those of the
BCF:
SFQˆ(A, φ) = iQˆ(φ)l + b(φ) log(l) +O(1) (S24)
Both coefficients carry information on the structure of
the gap closing.
Linear term iQˆ(φ)
Let consider the SF at a critical point. The linear
contribution can be simply obtained from Eq. S23:
iQˆ(φ)−
1
4
=
∫
BZ
dk
4π
sin(θk) sin(θk+φ)
−
∫
BZ
dk
4π
cos(θk) cos(θk+φ) (S25)
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Let (kj)1≤j≤N the momenta at which the gap closes. θk
is discontinuous at each kj such that δj = sin(θk+j
) −
sin(θk−j
) 6= 0 (resp. δ′j = cos(θk+j )−cos(θk−j ) 6= 0) as long
as ∆k vanishes linearly at kj . We assume that it is the
case here. Then one can easily express:
∂φiQˆ(φ) =
N∑
j=1
sin(θ(kj−φ))
4π
δj −
cos(θ(kj−φ))
4π
δ′j +R(φ),
(S26)
where R(φ) is a continuous function of φ. Now, to study
the discontinuity of ∂φiQˆ, we introduce ∆I(φ0, δφ) =
∂φiQˆ(φ0 + δφ) − ∂φiQˆ(φ0 − δφ). We discard R as its
contribution vanishes in the limit δφ→ 0, leading to the
simple expression:
∆I(φ0, δφ) =
N∑
j=1
sin(θ(kj−φ0−δφ))− sin(θ(kj−φ0+δφ))
4π
δj
−
cos(θ(kj−φ0−δφ))− cos(θ(kj−φ0+δφ))
4π
δ′j (S27)
∆I(φ0, 0
+) 6= 0 only if θk is discontinuous at kj +φ0, i.e.
when the gap closes at kj+φ0. Note that at some specific,
fine-tuned points when there exist several combinations
(j1, j2) such that φ0 = kj1 − kj2 or at specific values of
θkj , the discontinuity may vanish.
Logarithmic term b(φ)
Let us now focus on the logarithmic coefficient. From
Eq. S18 and S23, it is straightforward to show that a
logarithmic term can appear only at a phase transition.
The problem can be simplified to the following one: under
which conditions on g and φ, a logarithmic term can arise
in the scaling laws of:
Ig = l
∫∫
BZ2
dkdqf(k − q, l)g(k)g(k + φ),
where g is continuous by part and periodic on the Bril-
louin Zone.
One discontinuity: let us assume that g is only dis-
continuous at a single momentum kf and let us fix
g(k+f ) − g(k
−
f ) = δg. Then, the only possible logarith-
mic contribution to Ig comes from:
J1(l) =
l∑
n=−l
|n|
δgeinkf
2πn
×
δge−in(kf−φ)
2πn
=
δg2
2π2
l∑
n=1
cos(φn)
|n|
As long as φ 6= 0[2π], J1(l) = O(1). No logarithmic con-
tributions appear except when the SF coincides with the
BCF.
Two discontinuities: let us now assume that g is discon-
tinuous at two different momenta k1 and k2, with am-
plitude δg1 and δg2. Now, possible logarithmic contribu-
tions to Ig arise from:
J2(l) =
l∑
n=−l
|n|
δg1e
ink1 + δg2e
ink2
2πn
×
δg1e
−in(k1−φ) + δg2e−in(k2−φ)
2πn
=
1
2π2
l∑
n=1
(δg21 + δg
2
2)
cos(φn)
n
+ δg1δg2
cos((k1 − k2 − φ)n) + cos((k1 − k2 + φ)n)
|n|
Logarithmic contributions now also appear at φ = ±(k1−
k2), with a different amplitude
δg1δg2
2pi2 .
In the models we consider, symmetries such as parity,
time-inversion or particle-hole symmetry often enforce
k1 = −k2. Taking into accounts all the symmetry con-
straints on εk and ∆k, actual contributions to the SF
arise from:
qe
2π2
l∑
n=1
cos(2θk1) cos(φn)
n
−
cos((2k1 − φ)n) + cos((2k1 + φ)n)
|n|
,
(S28)
when the gap close at ±k1. Note that the amplitude of
the logarithmic contributions at φ 6= 0 does not depend
on θk.
More discontinuities: one can arbitrarily consider more
exotic transitions where the gap closes at N > 2 different
momenta. Computations are not significantly affected
and logarithmic contributions will appear at all phases φ
that correspond to the difference between two gap-closing
momenta. Universality of the coefficient is also recovered.
BIPARTITE CHARGE FLUCTUATIONS IN THE
RASHBA NANOWIRE
In this section, we simply expose the main computation
steps for diagonalizing the Rashba nanowire model[S7,
S8], and the expression for the various correlation func-
tions that appear in the computation of the BCF.
The real-space Hamiltonian for the Rashba model for
topological superconductor is (summations on j are im-
plicit):
H = −µc†j,σcj,σ − t(c
†
j,σcj+1,σ + h.c.) + V c
†
j,ασ
z
α,βcj,β
− iλ(c†j,ασ
y
α,βcj+1,β + h.c.) + ∆(c
†
j,↑c
†
j,↓ + cj,↓cj,↑),
(S29)
where c are spin- 12 fermionic annihilation operator, µ is a
chemical potential, t a hopping term, V a Zeeman field,
λ a Rashba spin-orbit coupling and ∆ a s-wave pairing
obtained by proximity.
The model can be exactly diagonalized in the Nambu
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FIG. S2. Example of QFID and logarithmic contributions
to the structure factor obtained from a numerical fit, as a
function of φ, in the extended Kitaev model[S4] for t3 = −t,
µ = 2
√
2t (on the critical line between m = 0 and m = 2.
We consider a subsystem of up to l = 1000 sites. The gap
closes linearly at momenta kF = ±2 arctan(1 +
√
2). The
logarithmic coefficient is bounded by 1
pi2
but does not saturate
(b(0) ≈ − 0.6
pi2
). To recover the band structure, we vary φ.
Logarithmic contributions first vanish then reappear as two
sharp peaks at ±2kF , and saturate at the universal value
− 1
2pi2
. The change in the sign of b close to these peaks is an
artifact of the fit. We also measure discontinuities of iQˆ(φ) at
±2kF .
basis Ψk = (ck,↑, ck,↓, c
†
−k,↓, c
†
−k,↑)
T . In this basis, the
Hamiltonian can be rewritten as:
H =
∑
k
Ψ†kh(k)Ψk
with
h(k) =


ε(k) + V −iε2(k) ∆ 0
iε2(k) ε(k)− V 0 −∆
∆ 0 −ε(k) + V −iε2(k)
0 −∆ iε2(k) −ε(k)− V

 ,
(S30)
with ε(k) = −µ− 2t cos(k) and ε2(k) = 2λ sin(k). Defin-
ing the Pauli matrices,
τz =
(
I2 02
02 −I2
)
, τx =
(
02 I2
I2 02
)
, σz =
(
σz 02
02 σ
z
)
the system is diagonalized by:
e−i
γ+
2
R+e−i
γ−
2
R−ei
β
2
τyσze−i
α
2
σxh(k)ei
α
2
σxe−i
β
2
τyσzei
γ+
2
R+ei
γ−
2
R−
=


E+ 0 0 0
0 E− 0 0
0 0 −E− 0
0 0 0 −E+

 , (S31)
where the energy spectrum is given by:
E2± = ∆
2+ε(k)2+ε22(k)+V
2±2
√
V 2ε(k)2 + ε(k)2ε2(k)2 +∆2V 2,
(S32)
the diagonalizing angles by:
α = Arg(V ε(k) + iεε2)
β = Arg(
√
V 2ε2 + ε2ε22 + i∆V )
γ± = Arg(A± + iB±)
A± = ε cos(β)± ε2 sin(α) + cos(α) (±V +∆sin(β))
B± = ε2 cos(α) sin(β)− sin(α) (±∆+ V sin(β))
and the two rotation matrix by:
X+ =


0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

 , X− =


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

 .
We can express the original fermion in the Bogoliubov
basis:


ck,↑
ck,↓
c†−k,↓
c†−k,↓

 = eiα2 σxe−iβ2 τyσzei
γ+
2
R+ei
γ−
2
R−


ηk,+
ηk,−
η†−k,−
η†−k,+

 ,
(S33)
such that H = Ek,+η
†
k,+ηk,+ + Ek,−η
†
k,−ηk,−. Computa-
tion of the relevant two-fermions correlator in the ground
state is straightforward, albeit tedious.
〈
c†k,↑cq,↑
〉
=
1
4
δk,q (2− cos(β)(cos(γ+) + cos(γ−))
+cos(α) (cos(γ−)− cos(γ+)) + sin(α) sin(β)(sin(γ+) + sin(γ−)))
〈
c†k,↓cq,↓
〉
=
1
4
δk,q ((2− cos(β)(cos(γ+) + cos(γ−))
+cos(α) (cos(γ+)− cos(γ−))− sin(α) sin(β)(sin(γ+) + sin(γ−)))
〈
c†k,↑c
†
q,↑
〉
=
−i
4
δk,−q (cos(β)(sin(γ−) + sin(γ+))
+cos(α) (sin(γ+) + sin(γ−)) + sin(α) sin(β)(cos(γ−) + cos(γ+)))
〈
c†k,↓c
†
q,↓
〉
=
−i
4
δk,−q (cos(β)(sin(γ−) + sin(γ+))
+cos(α) (sin(γ−)− sin(γ+))− sin(α) sin(β)(cos(γ−) + cos(γ+)))
〈
c†k,↑cq,↓
〉
=
−i
4
δk,q (cos(α) sin(β)(sin(γ−) + sin(γ+))
+ sin(α) (cos(γ+)− cos(γ−)))
〈
c†k,↑c
†
q,↓
〉
= −
1
4
δk,−q (cos(α) sin(β)(cos(γ+) + cos(γ−)))
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FIG. S3. Numerical simulations from MPS for a wire of length
L = 80 sites, ∆ = t and g = 0.4t with periodic bound-
ary conditions. In red are represented for reference the first
two level of the entanglement spectrum. The entanglement
spectrum has an exact twofold degeneracy in the topological
phase, while it is non-degenerate in the trivial phase. In blue
(dotted green), the linear (logarithmic) coefficient obtained
from a numerical fit. Note the discontinuity (peak) that still
marks the phase transition.
The BCF for the different charges can be safely computed
using Wick theorem and the previous expressions. We
focus on the topological transition that occur for −2t <
µ < 0 and V =
√
∆2 + (µ+ 2t)2. For large Zeeman field,
the system is in a topological phase, while it is a trivial
superconductor at low V . None of the angles gives a good
winding number, but a discontinuity at k = 0 appear
in γ− at the phase transition, marking the topological
change.
BIPARTITE CHARGE FLUCTUATIONS IN
INTERACTING SYSTEMS
We present in this section an example of BCF in an in-
teracting system. The results are obtained from numer-
ical simulations using Alps library for Matrix Product
States[S9, S10]. We consider the an interacting version
of Kitaev chain:
H = −t(c†jcj+1 + c
†
j+1cj) + ∆(c
†
jc
†
j+1 + cj+1cj)
− µc†jcj + g(c
†
jcj −
1
2
)(c†j+1cj+1 −
1
2
). (S34)
The phase diagram of this model, equivalent to the
XYZ spin chain, has been thoroughly investigated[S11,
S12] and we study the phase transition between the
topological phase inherited from Kitaev’s chain, and a
trivial quasi-polarized phase. Figure S3 represents the
results from one set of simulations. The BCF and the
entanglement spectrum point are in good agreement.
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